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Long-distance QCD effects in Bd,s → ℓ
+ℓ−γ decays are analyzed. We show that the contribution
of the light vector-meson resonances related to the virtual photon emission from valence quarks of the
B-meson, which was not considered in previous analyses, strongly influences the dilepton differential
distrubution. Taking into account photon emission from the b-quark loop, weak annihilation, and
Bremsstrahlung from leptons in the final state, we give predictions for dilepton spectrum in Bd,s →
ℓ+ℓ−γ decays within the Standard Model.
PACS numbers: 13.20.He,12.39.Ki,12.39.Pn
I. INTRODUCTION
Rare radiative leptonic Bd,s → ℓ+ℓ−γ decays are induced by the flavour-changing neutral current transitions
b→ s, d. In the Standard Model such processes are described by penguin and box diagrams and have small probabilities
10−8 – 10−15 (see e.g. [1]). Processes with such small branching ratios cannot be observed at the running machines
such as Tevatron, BaBar and Belle. The decays Bd,s → µ+µ− and Bd,s → µ+µ−γ will be studied at LHC with the
detectors ATLAS, CMS, and LHCb [2]. These decays are perspective candidates for a search for physics beyond the
Standard Model, therefore reliable theoretical predictions for these decays are of great interest.
The effective Hamiltonian describing the b→ q (q = d, s) weak transition has the form [3]
Hb→ qeff =
GF√
2
VtbV
∗
tq
∑
i
Ci(µ)Oi(µ), (1.1)
GF being the Fermi constant, Ci the scale-dependent Wilson coefficients, and Oi the basis operators. For B decays
µ ≃ 5 GeV is a convenient choice. The amplitudes of the basis operators between the initial and final states may
be parametrised in terms of the Lorentz-invariant form factors. For radiative leptonic decays several different basis
operators contribute, and respectively, one encounters several different types of form factors. The latter contain
nonperturbative QCD contributions, and therefore their calculation poses one of the main problems for theoretical
analysis of B → ℓ+ℓ−γ decays.
The B → ℓ+ℓ−γ decays have been studied in several papers [4, 5, 6, 7, 8] where transition form factors have
been analysed and partial widths, photon energy spectra, dilepton mass spectra, and charge asymetries have been
calculated. It turns out however that an important contribution related to hadron resonance in the ℓ+ℓ− channel
was not taken properly into account. Our goal is to account for this contribution and to give reliable predictions for
dilepton mass spectrum and decay rates.1
The paper is organized as follows: In Section IIA we discuss the dominant contribution to the decay amplitude
related to the transition 〈γ|Heff(b → qℓ+ℓ−)|B〉. In Section II B we study the contribution related to the B → ℓ+ℓ−
transition induced by the photon penguin operator 〈ℓ+ℓ−|d¯σµνq|B〉. For a proper description of this process it is
necessary to take into account light meson resonances which emerge in the physical decay region. Making use of the
vector meson dominance we relate these contributions to the B → V γ transition form factors. Weak annihilation is
discussed in Section II C. This process is known to be suppressed by 1/mb compared to the photon emission from
the B-meson loop. Nevertheless, it gives sizeable contribution to the dilepton mass spectrum in the region of small
dilepton momenta. In Section IID we consider Bremsstrahlung from leptons in the final state. Its contribution to
the cross section is proportional to (mℓ/MB)
2 and is thus essentail mainly for τ leptons in the final state. In Section
III we give numerical predictions for the branching ratios and dilepton mass spectra based on our detailed analysis of
the form factors.
1 We do not consider any asymmetries since they cannot be studied at LHC because of a small expected number of events [2].
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Fig. 1: Diagrams contributing to Bd → ℓ
+ℓ−γ discussed in section IIA. Dashed circles denote the b→ dγ operator O7γ . Solid
circles denote the b→ dℓ+ℓ− operators O9V and O10AV .
II. THE B → ℓ+ℓ−γ AMPLITUDE
A. Direct emission of the real photon from valence quarks of the B meson
The amplitude of the process when real photon is directly emitted from the valence b or d quarks, and the ℓ+ℓ−
pair is coupled to the penguin is described by diagrams of Fig. 1. This amplitude is equal to 〈γ|Hb→dℓ+ℓ−eff |B〉 with2
Hb→dℓ
+ℓ−
eff =
GF√
2
αem
2π
VtbV
∗
tq
[
−2imb C7γ(µ)
q2
· d¯σµνqν (1 + γ5) b · ℓ¯γµℓ
+Ceff9V (µ, q
2) · d¯γµ (1 − γ5) b · ℓ¯γµℓ + C10A(µ) · d¯γµ (1 − γ5) b · ℓ¯γµγ5ℓ
]
. (2.1)
The coefficient Ceff9V (µ, q
2) includes long-distance effects related to c¯c resonances in the q2-channel, q the momentum
of the ℓ+ℓ− pair [9]. The C7γ part in Eq. (2.1) emerges from the diagrams in Fig. 1 with the virtual photon emitted
from the penguin
Hb→dγeff =
GF√
2
VtbV
∗
tq C7γ(µ)
e
8π2
mb · d¯ σµν (1 + γ5) b · Fµν . (2.2)
The B → γ transition form factors of the basis operators in (2.1) are defined according to [4]
〈γ(k, ǫ)|d¯γµγ5b|B(p)〉 = i e ǫ∗α (gµα pk − pαkµ)
FA(q
2)
MB
,
〈γ(k, ǫ)|d¯γµb|B(p)〉 = e ǫ∗α ǫµαξηpξkη
FV (q
2)
MB
, (2.3)
〈γ(k, ǫ)|d¯σµνγ5b|B(p)〉 (p− k)ν = e ǫ∗α [gµα pk − pαkµ] FTA(q2, 0),
〈γ(k, ǫ)|d¯σµνb|B(p)〉 (p− k)ν = i e ǫ∗αǫµαξηpξkη FTV (q2, 0).
We treat the penguin form factors FTV,TA(q
2
1 , q
2
2) as functions of two variables: q1 is the momentum of the photon
emitted from the penguin, and q2 is the momentum of the photon emitted from the valence quark of the B meson.
Usually one denotes FTV,TA(q
2, 0) ≡ FTV,TA(q2). The form factors FA,V,TA,TV (q2, 0) were studied in detail in [4].
The parametrizations for these form factors from [4] which satisfy all known constraints in the limit mb →∞ [10, 11]
will be used in our analysis.
The amplitude corresponding to diagrams of Fig 1 takes the form [4]:
A(1)µ = 〈γ(k, ǫ), ℓ+(p1), ℓ−(p2)
∣∣∣Hb→dℓ+ℓ−eff ∣∣∣B(p)〉 = GF√
2
VtbV
∗
tq
αem
2π
e ǫ∗α
×
[
2C7γ(µ)
q2
mb
(
εµαξηpξkη FTV (q
2, 0) − i (gµα pk − pαkµ) FTA(q2, 0)
)
ℓ¯(p2)γµℓ(−p1)
Ceff9V (µ, q
2)
(
εµαξηpξkη
FV (q
2)
MB
− i (gµα pk − pαkµ) FA(q
2)
MB
)
ℓ¯(p2)γµℓ(−p1) +
C10A(µ)
(
εµαξηpξkη
FV (q
2)
MB
− i (gµα pk − pαkµ) FA(q
2)
MB
)
ℓ¯(p2)γµγ5ℓ(−p1)
]
. (2.4)
2 Our notations and conventions are: γ5 = iγ0γ1γ2γ3, σµν =
i
2
[γµ, γν ], ε0123 = −1, ǫabcd ≡ ǫαβµνaαbβcµdν , e =
√
4παem.
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Fig. 2: Diagrams contributing to Bd → ℓ
+ℓ−γ discussed in section IIB. Dashed circles denote the b→ dγ operator O7γ .
B. Direct emission of the virtual photon from valence quarks of the B meson
This process is described by diagrams of Fig. 2: the real photon is emitted from the penguin, whereas one of the
valence quarks directly emits the virtual photon which then goes into the final ℓ+ℓ− pair. The corresponding amplitude
A
(2)
µ has the same structure as the C7γ part of the amplitude A
(1)
µ with FTA,TV (q
2, 0) replaced by FTA,TV (0, q
2). The
form factors FTA,TV (0, q
2) at the necessary timelike momentum transfers are not known. The difficulty with these
form factors comes from neutral light vector mesons, ρ0 and ω for Bd decay and φ for Bs decay, which appear in the
physical B → γℓ+ℓ− decay region. These resonances emerge in the amplitude of the subprocess when the photon is
emitted from the light valence d or s quark. We obtain the form factors FTA,TV (0, q
2) for q2 > 0 using gauge-invariant
version [12] of the vector meson dominance [13]. This allows us to express the form factors FTA,TV (0, q
2) in terms of
the B → V transition form factors at zero momentum transfer and leptonic constants of vector mesons
FTV,TA(0, q
2) = FTV,TA(0, 0) −
∑
V
2 fV g
B→V
+ (0)
q2/MV
q2 − M2V + iMV ΓV
, (2.5)
MV and ΓV being the mass and width of the vector meson resonance. The B → V transition form factors are defined
according to relations
〈V (q, ε)|d¯σµνb|B(p)〉 = iε∗α ǫµνβγ
[
gB→V+ (k
2)gαβ(p+ q)
γ + gB→V
−
(k2)gαβk
γ + gB→V0 (k
2)pαp
βqγ
]
. (2.6)
The leptonic decay constant of a vector meson is given by
〈0|d¯γµd|V (ε, p)〉 = εµMV fV . (2.7)
We shall use the form factors gB→V calculated in [14] using the relativistic dispersion approach [15].
Notice that the resonance contribution discussed in this Section is similar to the resonance contribution in the
Wilson coefficient Ceff9V which emerge due to 4-quark operators. In the case of C
eff
9V vector mesons containing c¯c and
u¯u pairs contribute.
C. Weak annihilation
The weak annihilation amplitude AWA is given by triangle diagrams of Fig 3. One should take into account u and
c quarks in the loop. The vertex describing the b¯d→ U¯U transition (U = u, c) reads
HB→U¯Ueff = −
GF√
2
a1 VUbV
∗
Ud d¯γµ(1− γ5)b U¯γµ(1− γ5)U, (2.8)
−
γb
u(c)
u(c)
u(c)
l
l
B
d
+
Fig. 3: Weak annihilation diagrams discussed in section IIC. Triangle diagrams with u and c quarks in the loop should be
taken into account.
4with a1 = C1 + C2/Nc, Nc number of colors [16]. For Nc = 3 one finds a1 = −0.13. We now have to take
〈ℓ+ℓ−γ|HB→U¯Ueff |B〉. (2.9)
The U¯U contribution to this amplitude can be written as
AWAµ (U¯U) =
GF√
2
VUbV
∗
Uda12e
3ǫµε∗qk
Gγγ(M
2
B, k
2 = 0, q2|m2U )
q2
ℓ¯+γµℓ
−, (2.10)
where the form factor G(p2, k2, q2|m2U ) is defined as follows [17]
〈γ∗(k)γ∗(q)|∂ν(U¯γνγ5U)|0〉 = e2ε∗α(k)ε∗β(q)ǫαβkqGγγ(k2, q2, p2|m2U ). (2.11)
For massless u-quark in the loop, axial anomaly [18] fixes the form factor Gγγ(p
2, k2, q2|0) = − 2Nc(QU )24π2 . For c-
quark there is additional q2-dependent contribution given by the amplitude mc〈γ∗(k)γ∗(q)|c¯γ5c)|0〉 ∼ m2c/M2B, which
contains ψ and ψ′ resonances at q2 > 0. The latter contribution is numerically negligible compared to contributions
discussed in the previous sections for all q2 in the reaction of interest. Therefore, we have
AWAµ = −
GF√
2
αeme a1{VubV ∗ud + VcbV ∗cd}
16
3
ǫµε∗qk
1
q2
ℓ¯+γµℓ
−. (2.12)
The anomalous contribution is enhanced at small q2, but even here it is suppressed by a power of a heavy quark mass
compared to the contributions discussed in the previous sections [11, 19].
D. Bremsstrahlung
Fig. 4 gives diagrams describing Bremsstrahlung. The corresponding contribution to the B → ℓ+ℓ−γ amplitude
reads
ABremsµ = i e
GF√
2
αem
2π
V ∗tdVtb
fBq
MB
2mˆℓ C10A(µ) ℓ¯(p2)
[
(γǫ∗) (γp)
tˆ− mˆ2ℓ
− (γp) (γǫ
∗)
uˆ− mˆ2ℓ
]
γ5 ℓ(−p1). (2.13)
B
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Fig. 4: Diagrams describing photon Bremsstrahlung. Solid circles denote the operator O10A.
5III. THE B → ℓ+ℓ−γ CROSS-SECTION
The amplitudes discussed in Sections IIA-IIC have the same Lorentz structure, whereas the structure of the
Bremsstrahlung amplitude (Section IID) is different. Therefore, it is convenient to write the cross-section as the sum
of three contributions: square of the amplitude A1+2+WA which we denote Γ(1), square of the amplitude ABrems which
we denote Γ(2), and their mixing, denoted as Γ(12):
d2Γ(1)
dsˆ dtˆ
=
G2F α
3
emM
5
1
210 π4
∣∣Vtb V ∗tq∣∣2 [x2 B0 (sˆ, tˆ) + x ξ (sˆ, tˆ) B˜1 (sˆ, tˆ) + ξ2 (sˆ, tˆ) B˜2 (sˆ, tˆ)] , (3.1)
B0
(
sˆ, tˆ
)
=
(
sˆ + 4mˆ2ℓ
)
(F1 (sˆ) + F2 (sˆ)) − 8mˆ2ℓ |C10A(µ)|2
(
F 2V
(
q2
)
+ F 2A
(
q2
))
,
B˜1
(
sˆ, tˆ
)
= 8
[
sˆ FV (q
2)FA(q
2)Re
(
Ceff ∗9V (µ, q
2)C10A(µ)
)
+ mˆb FV (q
2)Re
(
C∗7γ(µ) F¯
∗
TA(q
2)C10A(µ)
)
+ mˆb FA(q
2)Re
(
C∗7γ(µ) F¯
∗
TV (q
2)C10A(µ)
)]
,
B˜2
(
sˆ, tˆ
)
= sˆ (F1 (sˆ) + F2 (sˆ)) ,
F1 (sˆ) =
(∣∣Ceff9V (µ, q2)∣∣2 + |C10A(µ)|2)F 2V (q2) +
(
2mˆb
sˆ
)2 ∣∣C7γ(µ) F¯TV (q2)∣∣2
+
4mˆb
sˆ
FV (q
2)Re
(
C7γ(µ) F¯TV (q
2)Ceff ∗9V (µ, q
2)
)
,
F2 (sˆ) =
(∣∣Ceff9V (q2, µ)∣∣2 + |C10A(µ)|2)F 2A(q2) +
(
2mˆb
sˆ
)2 ∣∣C7γ(µ) F¯TA(q2)∣∣2
+
4mˆb
sˆ
FA(q
2)Re
(
C7γ(µ) F¯TA(q
2)Ceff ∗9V (µ, q
2)
)
.
d2Γ(2)
dsˆ dtˆ
=
G2F α
3
emM
5
1
210 π4
∣∣Vtb V ∗tq∣∣2
(
8 fBq
MB
)2
mˆ2ℓ |C10A(µ)|2
[
sˆ + x2/2
(uˆ − mˆ2ℓ)(tˆ − mˆ2ℓ)
−
(
x mˆℓ
(uˆ − mˆ2ℓ) (tˆ − mˆ2ℓ )
)2 ]
(3.2)
d2Γ(12)
dsˆ dtˆ
=
G2F α
3
emM
5
1
210 π4
∣∣Vtb V ∗tq∣∣2 16 fBqMB mˆ2ℓ
x2
(uˆ − mˆ2ℓ)(tˆ − mˆ2ℓ)
(3.3)
×
[
2 x mˆb
sˆ
Re
(
C∗10A(µ)C7γ(µ)F¯TV (q
2, 0)
)
+ xFV (q
2)Re
(
C∗10A(µ)C
eff
9V (µ, q
2)
)
+ ξ(sˆ, tˆ)FA(q
2) |C10A(µ)|2
]
.
Here
sˆ =
(p − k)2
M2B
, tˆ =
(p − p1)2
M2B
, uˆ =
(p − p2)2
M2B
. (3.4)
with sˆ + tˆ + uˆ = 1 + 2mˆ2ℓ , mˆ
2
ℓ = m
2
ℓ/M
2
B, mˆb = mb/MB and [4]
x = 1 − sˆ, cos θ = ξ
(
sˆ, tˆ
)
x
√
1 − 4mˆ2l /sˆ
, ξ
(
sˆ, tˆ
)
= uˆ − tˆ. (3.5)
In the above formulas the complex form factors F¯TV,TA and defines as follows
F¯TV (q
2) = FTV (q
2, 0) + FTV (0, q
2)− 16
3
VubV
∗
ud + VcbV
∗
cd
VtbV ∗td
a1
C7γ
fB
mb
,
F¯TA(q
2) = FTA(q
2, 0) + FTA(0, q
2). (3.6)
The expressions (3.2) and (3.3) contain the infrared pole which requires a cut in the energy of the emitted photon.
Clearly, the contribution of the pole is proportional to the lepton mass.
6IV. NUMERICAL ANALYSIS
A. Parameters
For numerical estimates we use the following values:
• The Wilson coefficients at µ = 5 GeV corresponding to C2(MW ) = −1:
C1(5GeV ) = 0.241, C2(5GeV ) = −1.1, C7γ(5GeV ) = 0.312, C9V (5GeV ) = −4.21, C10A(5GeV ) = 4.64 [3].
• The CKM matrix elements |V ∗tbVtd| = (8.3± 1.6)10−3, |V ∗tbVts| = (4.7± 0.8)10−2 [20].
• The B-meson lifetimes τ(Bd) = 1.536± 0.014 ps and τ(Bs) = 1.461± 0.057 ps [20].
• For the Bd → γ form factors we use parametrizations from [4]
Fi(q
2) = βi
fBMB
∆i + Eγ
, Eγ =
MB
2
(
1− q
2
M2B
)
, (4.1)
with i = V,A, TV, TA and the parameters β and ∆ given in Table 1.
Table 1: Parameters for the form factors in Eq. (4.1) from [4]
Parameter FV FTV FA FTA
β (GeV−1) 0.28 0.30 0.26 0.33
∆ (GeV) 0.04 0.04 0.30 0.30
• The form factors gB→V+ at q2 = 0 for Bd → ρ0, Bd → ω transitions and Bs → φ are given in Table 2. The
Bs → γ and the Bd → γ form factors are taken to be equal to each other.
Table 2: The leptonic decay constants fV and the B → V transition form factors g
B→V
+ at q
2 = 0.
ρ0 ω φ
fV (MeV) 154 45.3 −58.8
gB
0
→V
+ (0) 0.19 − 0.19 − 0.38
B. Results
The calculated dilepton differential distributions are shown in Fig. 5 for different leptons in the final state and for
different values of the photon energy cut - the minimal photon energy in the B-meson rest frame Eγmin. Table 3 gives
the dependence of the integrated Bd,s → ℓ+ℓ−γ decay rate on Eγmin. A particular choice of Eγmin depends on the
energy resolution in a specific experiment: namely, Eγmin = 80 MeV and E
γ
min = 20 MeV in Table 3 correspond to
the expected accuracy of the B-meson reconstruction of ATLAS and LHCb, respectively.
Table 3: The Bd,s → ℓ
+ℓ−γ decay rates as functions of the minimal photon energy Eγmin. The region of the J/ψ and ψ
′
resonances 0.33 ≤ sˆ ≤ 0.55 was excluded from the sˆ integration, that corresponds to the experimental procedure adopted at
LHC [2, 21].
mℓ me mµ mτ
Eγmin (MeV) 20 50 80 20 50 80 20 50 80
Br
(
Bd → ℓ
+ℓ−γ
)
× 1010 [This work] 3.95 3.95 3.95 1.34 1.32 1.31 3,39 2.37 1.87
Br
(
Bs → ℓ
+ℓ−γ
)
× 109 [This work] 24.6 24.6 24.6 18,9 18.8 18.8 11.6 8.10 6.42
Br
(
Bd → ℓ
+ℓ−γ
)
× 1010 [5] 1.01 1.01 1.01 0.66 0.62 0.61 3.39 2.38 1.88
Br
(
Bs → ℓ
+ℓ−γ
)
× 109 [5] 3.30 3.29 3.29 2.16 2.06 2.00 11.6 8.15 6.47
Br
(
Bs → ℓ
+ℓ−γ
)
× 109 [6] 20 20 20 12 12 12 − − −
7Fig. 5: Dilepton q2-spectrum in Bs → e
+e−γ (left), Bs → µ
+µ−γ (central), and Bs → τ
+τ−γ (right) for different photon
energy cuts: Eγmin = 20 MeV (solid), E
γ
min = 50 MeV (dashed), E
γ
min = 80 MeV (dotted).
Our results for the integrated decay rate in Table 3 are close to the results reported in [6]. Notice however that
in [6] resonance contributions were not considered and the B → γ form factors corresponding to the limit mb → ∞
were used. As shown in [4], corrections to the asymptotic formulas in B → γ form factors at large q2 are rather
large, therefore the differential distributions calculated here differ strongly from those of [6].3 Our results both for
the integrated and the differential distributions in the B → e+e−γ and B → µ+µ−γ decays in the region q2 . 2 GeV
differ strongly from the results of [5] where the contribution of the direct virtual photon emission from valence quarks
of the B-meson (Section II B) was not taken into account (Figs. 6, 7).
Fig. 6: Dilepton q2-spectrum in Bd decays: Bd → e
+e−γ (left), Bd → µ
+µ−γ (central), and Bd → τ
+τ−γ (right) for
Eγmin = 20 MeV. Solid line - our result; dashed line - result corresponding to [5], where the contribution of the direct virtual
photon emission from valence quarks of the B meson (Section IIB) was not taken into account.
V. CONCLUSIONS
We studied the Bd,s → ℓ+ℓ−γ decays taking into account photon emission from the b-quark loop, weak annihilation,
and Bremsstrahlung from leptons in the final state. Special emphasis was laid on long-distance QCD effects in
B → ℓ+ℓ−γ decays related to the photon emission from the b-quark loop. The contribution of light vector-meson
3 Let us point out that in distinction to the J/ψ and ψ′, the region of light vector resonances will not be excluded from the experimental
analysis. That is because for small values of sˆ photons have sufficient energies to be registered in the electromagnetic calorimeter.
Moreover, the region of small sˆ gives the main contribution to the B → µ+µ−γ signal at LHC. For Bs → e+e−γ and Bs → µ+µ−γ
decays, the φ-meson resonance contribution leads to a strong enhancement of the full spectrum compared to the non-resonance one.
8Fig. 7: Dilepton q2-spectrum in Bs decays: Bs → e
+e−γ (left), Bs → µ
+µ−γ (central), and Bs → τ
+τ−γ (right) for Eγmin = 20
MeV. Solid line - our result, dashed line - [5], dotted line - [6].
resonances related to the direct virtual photon emission from valence quarks of the B-meson, not taken into account
in previous analyses, was shown to be essential for a proper description of the process. In particular, this contribution
affects stongly dilepton mass spectra in processes with light leptons in the final state. Reliable predictions for dilepton
mass spectrum in Bd,s → ℓ+ℓ−γ decays within the Standard Model were given.
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